Introduction
As is illustrated by the computation of monodromy groups of second-order Fuchsian equations (cf. [AKT1] ), the exact WKB analysis provides us with a powerful tool for studying global behavior of solutions of linear ordinary dierential equations. To generalize such an analysis to nonlinear equations, T. Kawai (RIMS, Kyoto Univ.), T. Aoki (Kinki Univ.) and the author have developed the WKB theory for Painlev e equations with a large parameter in our series of articles ([KT1] , [AKT2], [KT2] ). (See [T1] , [T2] also.) In our treatment 2-parameter formal solutions called instanton-type solutions, which were constructed through the multiple-scale analysis in [AKT2] , are playing a central role. Although we have succeeded in analyzing their local structure near simple turning points in [KT2] , some of their important properties such as the behavior near xed singular points have not been claried yet. In this paper, to investigate their behavior near xed regular-type singular points, we propose a new construction of 2-parameter formal solutions of Painlev e equations with a large parameter.
The new construction of formal solutions we propose here is based on Takano's work [Tka1] (see [Tka2] also), where he constructed a 2-parameter family of analytic solutions at each regular-type singular point of (ordinary) Painlev e equations. He made use of the well-known fact that Painlev e equations can be written in the form of Hamiltonian systems (which we call Painlev e Hamiltonian systems here) and established some reduction theorem for Hamiltonian systems to construct analytic solutions. His reduction theorem is closely related to the following \Birkho normal form" of Hamiltonian systems (cf. [B] , [SM] 
(i.e., f H is a function of t and the product e q e p only), then the new system (2) is called Birkho normal form of (1).
Roughly speaking, to construct 2-parameter formal solutions, we will modify Takano's proof so that it may be adapted to Hamiltonian systems of singular perturbations and prove the existence of a canonical transformation which reduces the Painlev e Hamiltonian system to its Birkho normal form in a singular-perturbative manner. The existence of singular-perturbative reduction will be shown in Section 2. Compared with the multiple-scale analysis employed in [AKT2], the method discussed in this paper is more singular-perturbative in the sense that a canonical transformation reducing to Birkho normal form can be determined recursively in an algebraic manner, i.e., solving dierential equations degree by degree is not necessary. This character of the method actually enables us to analyze the behavior of our 2-parameter formal solutions near xed regular-type singular points of Painlev e equations quite explicitly, which will be discussed in Section 3.
The contents of the paper have been already reported in [T3] . Although we discuss only the Painlev e Hamiltonian systems in this paper, it can be proved without any diculty that singular-perturbative reduction to Birkho normal form is possible for any Hamiltonian system. As is explained in [T3] , WKB solutions of second-order linear ordinary dierential equations can be constructed also through reduction of Hamiltonian systems to Birkho normal form. Thus the construction of formal solutions proposed in this paper should be regarded as a natural generalization of that of WKB solutions to Hamiltonian systems of singular perturbations.
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2 Construction of instanton-type formal solutions via reduction to Birkho normal form First of all, let us list up Painlev e equations (P J ) (J = I; : : : ; VI) with a large parameter in Table 1 below. 
(cf., e.g., [O] ). One explicit choice of Hamiltonians K J (t; ; ; ) is the following: Table 2 K In this section we try to construct 2-parameter formal solutions of (P J ) by using reduction of this Hamiltonian system (4) to its Birkho normal form. Let us rst note that each Painlev e equation has the following structure in common:
where F J and G J are rational functions. In view of (5) we easily nd that (P J ) has the following formal power series solutions denoted by 
J (t) = 0 (t) + 02 2 (t) + 04 4 (t) + 1 1 1 ;
where the top term 0 (t) satises F J ( 0 (t); t) = 0 and the other 2j (t) (j 1) are determined in a recursive manner. Corresponding to these solutions (6), there exist formal power series solutions called 0-parameter solutions of (4):
J (t) = 0 (t) + 02 2 (t) + 04 4 (t) + 1 1 1
J (t) = 01 1 (t) + 03 3 (t) + 05 5 (t) + 1 1 1 (cf. [KT1, Proposition 1.1]). Let us next consider the following localization of (4) at this 0-parameter solution:
J (t) + 01=2 V;
that is, we transform the unknown function of (4) from (; ) to (U; V ). Then we readily verify that (U; V ) must obey another Hamiltonian system dU=dt = @K J =@V; dV=dt = 0@K J =@U;
where K J is given by the following:
Now the main result of this paper is the following:
Theorem 
where u j and v j are homogeneous polynomials of degree (j + 1) in ( e U; e V ) (whose coecients are formal power series of 01=2 with coecients being functions of t), so that the Hamiltonian system (8) (12) and each f (l) (t; ) = P j0 0j=2 f (l) j=2 (t) is a formal power series of 01=2 with coecients being functions of t.
Remark The concrete form of the rst few terms of f (l) in the case of J = I is the following: Taking this relation (14) into account, we can easily solve the system (11). As a matter of fact,
gives a solution of (11). Substituting (15) into (10) and then into (7), we obtain 2-parameter formal solutions of (4) and (P J ). The formal solutions of (P J ) thus constructed are sometimes called instanton-type solutions and have the same form with those constructed through the multiple-scale analysis in [AKT2].
Let us now prove Theorem 1. The proof consists of the following two steps; reduction of the linear part and that of the nonlinear part.
2.1
Reduction of the linear part
We rst seek for a linear canonical transformation 
We are thus required to choose a, b, c and d so that (21) and (22) 
J ;
J ).
Remark It is obvious that (23){(25) cannot determine the transformation uniquely.
To determine a, b, c and d we make the additional requirement (26) in Proposition 1. The meaning of (26) is to pick out the odd part of solutions as the coecient of e U e V (i.e., (27)) and the even part as the canonical transformation a and b (cf. (42) below).
Before proving Proposition 1, let us recall here the denition of the Riccati equation associated with the Fr echet derivative of (4). Substituting =
J + and =
J + ' into (4), we nd that the Fr echet derivative of (4) is given by the following:
We consider WKB solutions of (28) should be satised. This is the Riccati equation associated with the Fr echet derivative of (4).
We can solve (33) in a singular-perturbative manner to obtain two formal power series solutions S 6 = 6S 01 (t) + S 6;0 (t) + 01 S 6;1 (t) + 1 1 1 ; . (We have omitted tildes (e) in (46) for the sake of simplicity.) The Hamiltonian (47) In what follows we try to determine fa pq g so that the associated canonical transfor- 
where R j and e R j are some polynomials of fa pq g p+qj01 . Now let us show how fa pq g should be determined. Substituting the expansion (50), we nd that (50) 
(resp., K
, K
) denote the rst (resp., second, third) term of the righthand side of (59). Then it follows from Lemma 1 that 
; where R (2) and R
are also polynomials of fa pq g p+ql03 (and of their rst derivatives with respect to t). 
where e U and e V are given by (15). In particular, we look at the degree (2l + 1) part (in ( e U; e V )) of (62) 2(l + 1) (65) and uniquely determines fa ll g from fa jk g (j 6 = k) in a recursive manner. This completes the proof of Theorem 1.
3 Local behavior of instanton-type formal solutions of (P J ) near regular-type singular points
We have seen in the preceding section that singular-perturbative reduction of (4) (more precisely, its localization at the 0-parameter solution) to Birkho normal form produces 2-parameter formal solutions of (P J ). Looking at this construction of 2-parameter solutions more carefully, we try to analyze their local behavior at xed regular-type singular points in this section. As a typical example of xed regulartype singular points of Painlev e equations we pick up the origin t = 0 of the sixth Painlev e equation (P VI ) and discuss the problem only for this typical example in this paper. As is shown in Theorem 2 below, the regular-type singularness of xed singular points of (P J ) (t = 0 of (P VI ) here) should entail the simpleness of poles which the coecients f (l) (t; ) of the Birkho normal form may possess there. Furthermore, in the global study of (P J ) the residues of f (l) (t; ) at regular-type singular points would play an important role. Hence it is desirable to be able to compute such residues explicitly. However, our choice of Hamiltonians K J (t; ; ; ) which is listed up in Table 2 is not convenient for that purpose; if we work with K J , we can show the simpleness of poles, but the computation of the residues becomes quite dicult.
To overcome this diculty we use the following \polynomial Hamiltonian H VI " d=dt = @H VI =@; d=dt = 0@H VI =@ Note that every 3 (3 = 0; 1; t; 1) is a quantity of degree 1 in .
Let us now state our result. The top degree part 0 (t) of our formal solutions is characterized by the equation F VI ( 0 (t); t) = 0, i.e., We restrict ourselves to this special choice of 0 (t) in this paper. (The other cases will be discussed elsewhere.) Then, for 2-parameter formal solutions with the above top degree part 0 (t), we can verify the following: Proof. During the proof we often omit the sux VI. Let us rst investigate the local behavior of the 0-parameter solution ( (0) ; (0) ) = ( P 0j j (t); P 0j j (t)) at t = 0. (Note that j (t) identically vanishes for every odd integer j. Similarly j (t) vanishes for every even integer j, but this is not true for j (t).) In view of (68) and the explicit form of (P VI ) (cf. 
Then the rst equation of the Hamiltonian system (66), i.e., 
; (0) ) with the top degree part 0 satisfying (68) has the following expansion at t = 0: 
